In this paper, the optimal pricing strategy in Avellande-Stoikov's [1] for a monopolistic dealer is extended to a general situation where multiple dealers are present in a competitive market. The dealers' trading intensities, their optimal bid and ask prices and therefore their spreads are derived when the dealers are informed the severity of the competition. The effects of various parameters on the bid-ask quotes and profits of the dealers in a competitive market are also discussed. This study gives some insights on the average spread, profit of the dealers in a competitive trading environment.
willingness to provide his services. In another paper by Ho and Stoll (1980) [12] , the problem of dealers under competition was analyzed and the bid and ask prices were shown to be related to the reservation (or indifference) prices of the agents.
Based on the idea and work of Ho and Stoll (1981) [13] , Avellaneda and Stoikov (2008) [1] enhanced Garman's model to a quantitative market-making limit order book strategy that generates persistent positive returns; indeed the economic setting of the problem is similar.
The main differences are the nature of "true" price of the asset, the explicit utility function of the agent and the trading intensity under the laws governing the micro-structure of financial markets. In [1] , the "true" price was given by the market mid-price. In order to model the arrival rate of buy and sell orders that will reach the agent, they drew on recent results in econophysics 1 , Potters and Bouchaud (2003) [20] , and gave an exponential arrival rate of the market orders. The approach adopted is to combine the utility framework of the Ho and Stoll (1981) [13] approach with the micro-structure of actual limit order book as described in the econophysics literature. The strategy, focusing on the effects of inventory risk, outperforms the "best-bid-best-ask" market-making strategy where the trader posts limit orders at the best bid and ask available on the market.
More recently, Cartea and Jaimungal [3] used a similar model to introduce risk measures for high-frequency trading. They used a model inspired by Avellaneda-Stoikov [1] in which the mid-price is modeled by a Hidden Markov Model (HMM). Guilbaud and Pham [11] also used a model inspired by the Avellaneda-Stoikov framework but including market orders and limit orders the best (and next to the best) bid and ask together with stochastic spreads. Guéant et al. [10] provided some simple and easy-to-compute expressions for the optimal quotes when the trader is willing to liquidate a portfolio. Some other recent works include Alavi Fard (2014) [23] and Song et al. (2012) [24] for example. It seems that in the literature more attention has been given to trading strategies in a single dealer's framework while relatively little attention has been paid to a multiple-dealer case. We are dedicated to the latter case.
In this paper, the dealers' optimal bid and ask quotes in the multiple dealers case are de- termined. The optimal pricing strategy accounts for two key factors: the inventory level of the the dealer and the competition severity. Our paper contributes to the high frequency trading literature in various aspects. Firstly, we derive the optimal bid and ask prices for each dealer when the dealers are informed the severity of the competition (for example,how many active dealers are in the market). Each dealer quotes his optimal prices considering the market infor-mation and his own inventory level to maximize his final profit at terminal time T . Secondly, we compare quoting prices with those obtained in [1] to shed some lights on trading competition in the market. Thirdly, we also conduct comparison of the profit generated by dealers in competitive markets with that in single dealer markets. This comparison may hopefully enhance our understanding on how high frequency trading dealers gain profits by providing stock liquidity.
The remainder of the paper is structured as follows. In Section 2, to give readers the background of research, we review two models, one by Ho and Stoll in [13] and the other by Avellaneda and Stoilov in [1] . In Section 3, we present the extended model and results in [1] for a market consisting of N dealers. The limit order book intensities for the dealers are derived. In Section 4, we consider two situations, inactive dealers and active dealers, for the multiple dealer problem. In the case of dealers in markets under competition, we need to make use of an approximation method and the principle of Dynamic Programming (DP), i.e., the solution methods combine backward induction with a forward simulation of states. In Section 5, numerical results are given and compared for one-dealer and multiple-dealer situations. Finally, concluding remarks are given in Section 6 to discuss further research issues.
A Review of Two Models
In this section, we describe the background of this research by reviewing two related models, one by Ho and Stoll in [13] and the other by Avellaneda and Stoilov in [1] . The developments below follow those in [1, 13] .
Ho-Stoll Model
The model proposed by Ho and Stoll (1981) [13] imposed the following assumptions.
(i) Transactions are assumed to evolve over time according to Poisson jump processes as in Garman (1976) [8] . Two Poisson processes are used, one for purchases by the dealer and the other for sales by the dealer, as follows: dq a = X {an arrival of a market buy order} Qλ a dt and dq b = X {an arrival of a market sale order} Qλ b dt where X E is the indicator function of the event E, Q is the market order size, and λ a and λ b are the intensities of the transactions. Here dq a and dq b are the increments of the number of market buy orders and the number of market sale orders, respectively.
(ii) The dealer determines a price of immediacy, b, should a market sale order arrive and a price, a, should a market buy order arrive. The dealer does not directly quote b and a, instead, he quotes his bid and ask prices, respectively, as follows:
Here p is the dealer's opinion of the true price of the stock at the time he sets the bid-ask quotation and this price is supposed to be a given constant.
(iii) The intensities, λ a and λ b , depend on the dealer's selling fee and buying fee, respectively.
(iv) In addition to uncertainty about the timing of subsequent transactions, the dealer faces uncertainty about the return on his existing portfolio. Consequently
Here F, I, Y are the balances of the cash account, inventory account, and base wealth, respectively. Here r I , r Y represent the mean return of inventory account and base wealth per unit time, respectively. And r is the constant continuously compounded risk-free rate.
Here Z I and Z Y are Wiener processes with mean zero and constant variance rates, σ 2 I and σ 2 Y , respectively.
The objective of the dealer is to maximize the expected utility of his total wealth,
at the terminal time T , where
Notice that E t [U (W T )] is the conditional expectation of U (W T ) given information up to time t.
Numerous transactions and price changes occur between t and T .
Avellaneda-Stoikov Model
Avellaneda and Stoikov (2008) [1] modified the model of Ho and Stoll (1981) [13] in some aspects.
(i) Assume that the money market pays no interest, and the mid-market price, or mid-price, of the stock evolves over time according to the following zero-drift diffusion process:
where the initial value S t = s, {W u } t≤u≤T is a standard one-dimensional Brownian motion and σ is a constant, i.e., a constant volatility model.
(ii) The agent's objective is to maximize the expected exponential utility of his portfolio at the terminal time T . The exponential utility is given by
where γ is the risk-aversion parameter.
(iii) The Poisson intensity at which the agent's orders are executed is supposed to be exponential. In the symmetric case, exponential arrival rates are assumed to take the following form:
(iv) The reservation bid and ask prices r b (s, q, t) and r a (s, q, t), which can be interpreted as the indifference prices for buying and selling, respectively, are introduced and they satisfy
where v(x, s, q, t) = E t [U (W T )], x is the initial wealth at time t and q is the initial inventory level at time t.
In their model, it is assumed that there is only one monopolistic dealer in the trading system.
The dealer buys or sells one stock in the market. The dealer quotes the bid price p b and the ask price p a , and is committed to, respectively, buy and sell one share of stock at these prices. The wealth in cash X t jumps whenever there is a buy order or sell order and it is governed by
Here N b t is the amount of stocks bought by the dealer and N a t is the amount of stocks sold. They are assumed to follow Poisson processes with intensities λ b and λ a , respectively. The number of units of the stock or the inventory level held by the dealer is then governed by
The objective of the dealer who can set limit orders is u(s, x, q, t) = max
where δ a = p a −s, δ b = s−p b and the dealer holds q stocks at time t. Note that δ a and δ b are the prices of immediacy for selling and buying, respectively, from the dealer's perspective. For the case of an inactive trader, the choice variables δ a and δ b are absent. According to Avellaneda and Stoikov (2008) [1] , the value function for the inactive dealer, who holds an inventory of q stocks until the terminal time T , can be written as follows:
The definition of reservation or indifference price was introduced in [1] and we shall give it in Eq. (11) . The dealer's reservation bid and ask prices r b and r a are given, respectively, by
i.e.,
Hence the average of the above two prices, say the reservation price or the indifference price, is given by
To consider the case of active dealers, who will make decisions to buy or sell before the terminal time T , in [1] , the authors derived the following HJB equation (see for instance [1] , Section 3):
To solve the HJB equation, in [1] , the authors consider the simplest case by assuming that the Poisson intensities take the following form (c.f. Eq. (3)):
Then the following trial solution was adopted:
where θ(s, q, t) is approximated up to the second-order of a Taylor expansion about the inventory variable q:
When the inventory level is q, the reservation bid price of the stock and the reservation ask price of the stock are given, respectively, by
Substituting θ into Eq. (12) yields
Using the first-order optimality condition, the problem can be transformed into the following one:
In [1] , the authors consider an asymptotic expansion of θ about q, and higher order terms are assumed to be small enough to be negligible. By considering the coefficients of q and q 2 , the following results are obtained:
which matches with Eq. (11) and the bid-ask spread is then given by
3 The Limit Order Book Rates
In this section, we consider the situation of multiple dealers in a competitive market. We focus on the discussion of dealers' trading rates in the market.
In [1] , for only one dealer in the market, the arrival rates of buy and sell orders that will reach the dealer follows a Poisson process with a common exponential arrival rate in Eq. (13) which depends on dealer's quotes. In the case of multiple dealers market under competition, we assume that the overall frequency of market orders will depend on the quotes of all dealers in the market. Suppose that there are N dealers in the market and that dealers have impacts on the arrival of market orders. Under certain assumptions, we shall show that the market orders follow a Poisson process with common exponential arrival rate,
Here β i reflects the influence (e.g. competitiveness) of Dealer i on the overall frequency of market orders. In a number of studies [1, 2, 7, 9, 19] , it has been shown that the distances δ a i , δ b i (c.f. Eq. (7)) and the current shape of the limit order book determine the priority of execution when large market orders get executed. For example, when a large market order to buy Q stocks arrives, the Q limit orders with the lowest ask prices will be automatically executed. Let p Q be the price of the highest limit order executed in this trade, we define ∆p = p Q − s to be the temporary market impact of the trade of size Q. If the agent's limit order is within the range of this market order, i.e. δ a i < ∆p, his limit order will be executed. To quantify dealers' trading intensity, other than the overall frequency of market orders, we need to know the distribution of market orders' size and the temporary impact of a large market order. We have the following proposition.
Proposition 1 Suppose that dealers' impacts on the overall frequency of market orders, i.e.,
are "separable" and have an "identical functional form", i.e., (we take λ a as an example), taking the following form:
.
Here β i describes Dealer i's impact on market orders' overall frequency. Then
Furthermore, if the distribution of the size of market orders Q obeys a "power law", [7, 9, 19] , i.e., f Q (x) ∝ x −1−α and the market impact follows a "log law" [2] , i.e., ∆p ∝ ln(Q), then we have
The proof of the proposition can be found in Appendix A.
The Multiple-Dealer Problem
In this section, we discuss the situation of multiple dealers buying and selling stocks in a competitive market. In particular, we consider two situations: inactive and active dealers. The underlying problem is a state-feedback control problem. Both inactive dealer's "frozen" strategy and active dealer's optimal quoting strategy are discussed in this section. For the active dealer's situation, each dealer follows a multi-period strategy that maximizes his objective function taking into account not only his own possible future actions but also those of his competitors. This is much more complex than the single dealer case. Discrete and continuous models for active dealers are discussed. Furthermore, a comparison between the performances of active dealers and inactive dealers is made.
Our objective is to study the trading strategies of different dealers in a competitive market,
where each dealer has his own reservation value of the stock based on his inventory position. The dealers wish to buy or sell stocks in the market, and the mid-price is assumed to be governed by the following stochastic differential equation (c.f. Eq. (1)): dS u = σdW u with initial value
Here {W u } is a standard Brownian motion and σ is a positive constant. Each dealer i,
. . , N ), quotes his bid price p b i (u) and ask price p a i (u), and is committed to, respectively, buying and selling one share of the stock at these prices at time u. Hence, the wealth of Dealer i in cash X i (u) jumps whenever there is a buy or sell order executed.
where
is the amount of stocks bought and N a i (u) is the amount of stocks sold by Dealer i up to time u. They are supposed to follow Poisson processes with intensities, λ b i and λ a i , respectively. In view of the results in Proposition 1, the Poisson intensities take the form:
The number of stocks is governed by
then we have
Inactive Dealer
We first consider an inactive trader, Dealer i, who does not have any limit orders in the market and simply holds an inventory of q i stocks until the terminal time T , which is a special case of the feedback control problem in which (δ a i , δ b i ) = (∞, ∞). Following [1] , it is not difficult to show that
which is the same as the value function calculated in the monopolistic market, showing us directly its dependence on the market parameters. The reservation bid and ask prices are given implicitly by the relations
which means that the agent is indifferent between keeping inactive and buying one stock at the reservation bid price r b i (or, selling one stock at the reservation ask price r a i ). It is straightforward to calculate that
and the reservation (or difference) price is given by
The Active Dealers
In general, it may not be easy to determine the optimal quoting strategies for dealers in a competitive market. In the market, each dealer's action depends not only on his own but also his competitor's characteristics. They all need to solve a relatively complex Dynamic Programming (DP) problem than the one encountered in the single dealer case. In this section, we develop a feasible quoting policy using a linear approximation method and the principle of DP. We first discuss a discrete model and then give a recursive formula for the bid and ask quotes. We then extend the discrete model to a continuous one. By directly using a linear approximation and the DP principle to solve the optimal control problem, one can obtain an optimal quoting strategy for dealers in the continuous competition model.
The One-period Model
Suppose there are N dealers in the market, namely Dealer 1, Dealer 2, . . ., Dealer N . In the one period case, we assume that dealers may only trade in the last trading session, (t n−1 , t n ) and trades happen immediately after time t n−1 . Dealers choose their bid and ask quotes at the beginning of the trading session, t n−1 , defined through the controls (δ
. These quotes influence the arrival rates of market orders over the time interval (t n−1, , t n ). By Eq. (22), the arrival rates take the following forms:
For any dealer in this competitive market, the objective is to determine the optimal bid and ask quotes to maximize his own expected utility function:
which is a stochastic feedback control problem. For any dealer, he can only determines his optimal bid and ask quotes δ i,b n−1 and δ i,a n−1 . However, the stochastic feedback problem is related to optimal bid and ask quotes δ
n−1 and δ 1,a n−1 , · · · , δ N,a n−1 of all dealers. Thus it is also a problem of game competition, especially, it is a simultaneous game problem. Suppose all dealers achieve the Nash equilibrium in this game problem, then the results in the proposition below follow.
Proposition 2
The optimal quoting policy in the one period case is
and Dealer i's utility is given by
where ∆t n−1 = t n − t n−1 .
The proof can be found in Appendix B.
We remark that (i) Only in the one-period case, a dealer's bid and ask quotes are independent of his competitors.
However, even in the one-period case, the value function of each dealer is not independent of the inventory position and other parameters, such as risk aversion of the competing dealers.
(ii) Dealer i's bid-ask spread is given by
which is independent of the inventory. After taking a first-order approximation of the order arrival term, we have λ i,a
where the linear term does not depend on the inventory variables. Therefore, if we substitute Eq. (35) into Eq. (33), we arrive at the conclusion that Dealer i's utility depends only on his own inventory q i n−1 . We define this approximation as
which equals
is independent of stock price s n−1 and cash wealth x i n−1 .
(iv) We define the market bid and ask quotes, which depends on dealers' inventories. We remark that Dealer i's bid-ask spread is always positive, however, the market bid-ask spread can be negative.
(v) Notice that
which means that active dealers will always have advantage over the inactive dealers.
In the next section, we shall employ this linear approximation technique to analyze the dynamics of dealer markets in the multi-period case.
The Two-period Model
Assume that Dealer i may only trade in the intervals (t n−2 , t n−1 ) and (t n−1 , t n ). The dealer chooses bid and ask quotes at time t n−2 and t n−1 with the controls δ i,a n−1 , and trades happen immediately after time t n−2 and t n−1 . Adopting the above linear approximation, one can establish the following proposition.
Proposition 3
In two period model, dealers' optimal bid and ask quotes are given by
where ∆t n−2 = t n−1 − t n−2 .
The proof can be found in Appendix C.
We remark that 
is independent of the inventory. By taking a first-order approximation of the order arrival term, we have (compare to Eq. (35))
We notice that the linear term does not depend on the inventory. Similar to the one-period case, substituting the linear approximation of λ i,b n−2 + λ i,a n−2 into Eq. (38), one can get an approximation of Dealer i's utility f i (s n−2 , q i n−2 , x i n−2 , γ 1 , · · · , γ N , t n−2 ), which equals to
and it only depends on his own inventory.
(ii) Set
is independent of stock price s n−2 and cash wealth x i n−2 .
By repeating the argument of this analysis, one can get the following result for the multiperiod model.
The Multi-period Model
Suppose that there are at most N trades occur in [t, T ]. Divide the time period into n + 1 small subintervals, (t 0 = t, t 1 ), · · · , (t n−1 , t n ), (t n , T ). Assume that each trade may only occur immediately after the beginning of those subintervals and there is no trade occurring in (t n , T ).
All dealers choose their bid and ask quotes at time t l (l = 0, 1, . . . , n − 1), defined by the controls l . Adopting the approximation of dealers' utility functions and using the back-forward analysis method, it is straightforward to obtain the following proposition and we skip the proof.
Proposition 4
In the n-period model, dealers' optimal bid and ask quotes are given by
where ∆t l = t l+1 − t l .
The Continuous Model
In every step of the back-forward model, we adopt the first-order approximation of the arrival terms appearing in the utility function. Then we find that an approximate dealer's utility functions depend only on their own inventories. We then consider the case of continuous model.
Define the approximate utility as u i (s, x i , q i , t). The following theorem results from applying the principle of Dynamic Programming (DP).
Theorem 1 The optimal bid and ask quotes in dealer markets under competition are given by
and dealers' approximate utility functions under the quoting strategy are greater than those for the inactive case; that is,
Proof: We note that
which is derived when the dealer follows the optimal strategy for setting δ b i and δ a i at each point in time period [t, T ]. To simplify our discussion, we suppose that other dealers are in equilibrium under the Cournot competitive environment [15] . The Cournot competition model is an economic setting for describing a market where firms compete on their amount of output and make decisions independently of each other.
Using the principle of Dynamic Programming (DP) and under certain smoothness conditions of the value function u i ,the following HJB equation is obtained.
As in [1] , the following ansatz is considered
where θ i (s, q i , t) is an approximate quadratic polynomial in the inventory variable q i . Then the HJB equation can be written as follows:
From the first-order optimality condition in Eq. (47), we can obtain the optimal distance δ a i and δ b i of Dealer i given the equilibrium values of all dealers, which satisfy
The above is the best response function of Dealer i given the values of other dealers' quotes.
In Nash equilibrium, all dealers will play the best responses. Thus we can solve the above N equations simultaneously to obtain the optimal feedback controls δ a 1 , · · · , δ a N and δ b 1 , · · · , δ b N . We recall that
Thus we have
and similarly,
Substituting the optimal values given by Eq. (48) into Eq. (47) and using the rate of limit order book in Proposition 1, we obtain
We consider an asymptotic expansion of θ i (s, q i , t) in the inventory variable q i
From the exact relations of the indifference bid and ask prices, r b i and r a i , we obtain
Recall the first-order optimality conditions
and we have
which does not depend on the inventory q i . Taking a first-order approximation of the order arrival term
we notice that the linear term does not depend on q i . Since
then θ i,(0) = 0. Therefore, by grouping the terms of order q i , we obtain
whose solution is θ i,(1) (s, t) = s. Grouping terms of order q 2 i yields
whose solution is
We obtain almost the same value function for an active agent as for an inactive agent,
and the same indifference price
Now we analyze the difference between our approximation and the exact solution of our HJB equation. Suppose that
where (w q i ) q i ∈N is a family of continuous functions. Substituting the above expression directly into the HJB equation, we obtain
where (g q i (t)) q i ∈N is a family of positive functions. Consequently,
which is always greater than zero for t < T . Thus we have
Now we set the bid-ask spread as
and a price adjustment as
We remark that (i) For the "frozen inventory" problem, we have
For the active dealer, we have
This means that active dealers using our strategy to quoting always have an advantage over inactive dealers.
(ii) When N = 1, then β i = 1,
which coincides with the results in Avellanede and Stoikov (2008) [1] .
(iii) The price adjustment m i = −2q i γ i σ 2 (T − t), depends on the dealer's inventory. It is an inventory response equation that specifies the price adjustments variable be negative (positive) when inventory is positive (negative). When m i < 0, both bid price and ask price are "low", in this situation, the dealer prefers to sell than to purchase, and this will therefore reduce the dealer's inventory. On the other hand, if m i > 0, then the dealer prefer to purchase than to sell. The degree of price response to an inventory change depends on the same factors determining the size of the bid and ask spread-time remained (T − t), Dealer i's risk aversion (determined by γ i ) and variance (determined by σ);
(iv) Compared with the "frozen inventory strategy", our strategy can eventually improve dealer's final profit which is no less than the original indifference curve (in the "frozen inventory" problem, (δ a i , δ b i ) can be seen as (+∞, +∞)).
Numerical Experiments
In this section, we present and discuss numerical results on both single monopolistic dealer and multiple dealers in a competitive market.
Bid-ask Quotes
Avellaneda and Stoikov (2008) tested the performance of their "inventory" strategy, focusing primarily on the shape of the P &L profile and the final inventory q T . They compared it with a benchmark strategy that is symmetric around the mid-price, regardless of the inventory under the assumption of a monopolistic dealer. In this section, we test the performance of our strategy for multiple dealers in a competitive stock market.
Suppose that there are N dealers in a market. In the numerical experiments, we assume β i 's to be identical, i.e., β i = 1/N . As far as our simulation is concerned, we chose the following parameters: s = 100, t = 0, T = 1, σ = 2, dt = 0.005, q i = 0, γ i = 0.1, k = 1.5 and A = 140, where i = 1, 2, . . . , N (the values of the parameters are chosen to be the same as those in [1] ).
The simulation results are obtained through the following procedures: 
Competitive Dealers and Their Profits
We consider the effects of changing from one monopolistic dealer to multiple dealers in a competitive market where the number of dealers varies. The numerical results are presented in Tables   1-4 We observe that the standard deviations of q T are relatively larger when compared with the corresponding values of |q T | in most of the cases. And in the case of seven dealers, the standard deviations of the profits are relatively large compared with the corresponding profits as well.
When the number dealers increases, we observe that profit decreases but the average spread We can see from the results that, when more and more agents enter into a competitive market, on one hand, competition becomes intense, which reduces the profit that each agent can obtain from the stock market. On the other hand, the liquidity of the stock enhances which provides good supplies to the traders.
Sensitivity Study of γ
We now consider the effects of varying the parameter, γ. Suppose the number of dealers in the competitive market is fixed and that all dealers' initial states are the same, except the risk aversion parameter. We can see from Tables 5 & 6 profits, but also suffer from larger variances of profits and final inventories q T , which lead to higher levels of uncertainty. 
Sensitivity Study of Initial Inventory Positions
We also consider the effects of varying inventories on the performance of the dealers. For simplicity, we consider the two-dealer case. Table 9 : 1000 simulations of two dealers with γ 1 = γ 2 = 0.01, β 1 = β 2 = 0.5, q 1 = 50 and Setting all the parameters identical, and we assume that dealers differ only in their initial inventory positions. From Tables 7 & 8 and Figure 7 , one can see that with a larger initial position, Dealer 1 in both examples gain smaller amounts of profits. When the initial position is significantly large (Table 8) , Dealer 1 obtains a negative profit as one may prefer a less risky position with a negative profit than a risky position with a positive cash flow. From Table 9 , one can see that when lowering the risk aversion of Dealer 1, his final profit will increase accordingly.
We refer interested readers on the analysis of the effects of initial inventories to the paper by Ho and Stoll (1980) [12] .
Conclusions
The field of market micro-structure encompasses two general types of models, i.e., inventory models and information models. In this paper, we focus on the effect of inventory and extend
Avellanede-Stoikov's optimal price strategy for a monopolistic dealer to that for multiple dealers in a competitive market. We derive the approximate optimal bid and ask prices for each dealer when the dealers are informed the severity of the competition. We also analyze the effect of various parameters in our model on the bid-ask quotes and profits of the dealers in a competitive market. For future research, one may take into account the presence of additional market factors such as order handling costs, asymmetric information and inter-dealer trading in the model.
In this paper, the mid-price of the stock is assumed to follow Eq. (1). In our future study, we shall consider a more general volatility model, for example, the Heston stochastic volatility model [16, 17, 18] . We shall assume the mid-price follows the following stochastic differential equations: Proof: Consider first the arrival rate of market order. When N = 1,
By condition (i), when N = 2
where (β 1 + β 2 = 1); when δ a 1 = δ a 2 = δ a , this is equivalent to the case when N = 1, that is
By Condition (i), for any N ,
where β 1 + · · · + β N = 1. When δ a 1 = · · · = δ a N = δ a then this situation is equivalent to the case when N = 1, i.e.,
and f (δ a ) = Ae −kδ a . Consequently, we gave
To calculate the arrival rate of buy and sell orders that will reach the dealer, we need the following information:
(i) the overall frequency of market orders;
(ii) the distribution of market orders' size;
(iii) the temporary impact of a large market order.
From above, we are given one of the estimation of market orders' frequency. For the other conditions, from a lot of studies, see for instance [7, 9, 19] , we have some statistical properties of the limit order book, such as, the distribution of the size of market orders Q obeys a power law:
and the market impact follows a "log law" [2] , i.e., ∆p ∝ ln(Q) or ∆p = 1 K i ln(Q).
Here we recall that ∆p = p Q − s where p Q is the price of the highest limit order executed in the trade and s is stock mid-price. Aggregating the information of limit order book's statistical properties, we have λ a i (δ a i ) = λ a · P (∆p > δ a i ) = λ a · P (ln(Q) > K i δ a i ) = λ a · p(Q > exp(K i δ a i )) and
We have, for some constant A, 
Appendix B
Proof: We note that there is no trading in the period (t n , T ), .
By considering the first-order optimality conditions, we can obtain the optimal bid and ask quotes as follows: 
Substituting the optimal bid and ask quotes into the expected utility function, one can get the utility for Dealer i.
Appendix C
Proof: We apply the principle of Dynamic Programming (DP) to Dealer i's utility function, and obtain V i s n−2 , γ i , x i n−2 , q i n−2 , γ j , q 
Substituting the optimal bid and ask quotes into the utility function, one can obtain Dealer i's utility function:
V i s n−2 , γ i , x i n−2 q i n−2 , γ j , q 
